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Abstract In this paper we continue to study so-called “inverse Born’s rule problem”: to con-
struct a representation of probabilistic data of any origin by a complex probability amplitude
which matches Born’s rule. The corresponding algorithm—quantum-like representation al-
gorithm (QLRA)—was recently proposed by A. Khrennikov (Found. Phys. 35(10):1655—
1693, 2005; Physica E 29:226-236, 2005; Dokl. Akad. Nauk 404(1):33-36, 2005; J. Math.
Phys. 46(6):062111-062124, 2005; Europhys. Lett. 69(5):678—684, 2005). Formally QLRA
depends on the order of conditioning. For two observables (of any origin, e.g., physical or
biological) a and b, b|a- and a|b conditional probabilities produce two representations, say
in Hilbert spaces H”'* and H“". In this paper we prove that under “natural assumptions”
(which hold, e.g., for quantum observables represented by operators with nondegenerate
spectra) these two representations are unitary equivalent. This result proves the consistency
of QLRA.

Keywords Quantum-like representation algorithm - Inverse Born’s rule problem - Order of
conditioning - Unitary equivalence of representations

1 Introduction

During the last 80 years tremendous efforts have been made to clarify the inter-relation
between classical and quantum probabilities; see, e.g., von Neumann [1] for the first de-
tailed presentation of this problem and see, e.g., Gudder [2—4], Svozil [5, 6], Fine [7],
Garola et al. [8-10], Dvurecenskij and Pulmanova [12], Ballentine [11], O. Nandsiova
et al. [13, 14], Allahverdyan et al. [15] for modern studies.! We remark that during the last

IThe list of references is far from complete, see Khrennikov’s monograph [25] for the detailed list of refer-
ences.
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30 years the main interest was attracted to Bell’s inequality; see, e.g. [16—19], for detailed a
presentation. However, the basic rule of QM is Born’s rule. Therefore the study of its origin
is not less (and maybe even more) important than investigations of Bell’s inequality. In this
paper we continue to study so-called “inverse Born’s rule problem” as it was formulated by
Khrennikov [20-24]:

IBP (Inverse Born Problem) To construct a representation of probabilistic data by a com-
plex probability amplitude which matches Born’s rule.

The solution of IBP provides a possibility to represent probabilistic data by “wave func-
tions” and operate with this data by using linear algebra (as we do in conventional QM). In
a special case (for a pair of dichotomous observables) this problem was solved in [20-24]
with the help of so-called quantum-like representation algorithm—QLRA.

Formally, the output of QLRA depends on the order of conditioning. For two observables
a and b, b|a- and a|b conditional probabilities produce two representations, say in Hilbert
spaces H”'* and H". In this paper we prove that under natural assumptions these two
representations are unitary equivalent. This result proves the consistency of QLRA.

“Natural assumptions” about probabilities which are used in this paper hold, e.g., for
probabilistic data obtained in measurements of quantum observers with nondegenerate spec-
tra; see Appendix.

We want to discuss IBP in detail. Consider probabilistic data collected in measurements
of a pair of observables, say a and b. These observables need not be quantum observables.
They can describe measurement done in any domain of science. We have implemented a
representation of such data by a complex amplitude or (in the abstract Hilbert space formal-
ism) by the normalized vector in a complex Hilbert space. It provides us with a possibility of
applying linear algebra to an operation with probabilities (through an operation with prob-
ability amplitudes). Clearly, such representation of data is not always possible to find. We
should find constraints for constructing a representation of these data in a complex Hilbert
space. We show that under natural assumptions one can introduce an algorithmic proce-
dure of representation of probabilistic data by complex probability amplitudes matching
Born’s rule. In quantum physics our algorithm, QLRA, just reproduces the wave function
of a quantum system (in special cases of observables represented by self-adjoint operators
with nondegenerate spectra; see Appendix); so, it is a quantum state reconstruction algo-
rithm. However, QLRA can be applied for data collected in any domain of science; see,
e.g., [26-28], to applications to cognitive science and psychology.

2 Inversion of Born’s Rule

We consider the simplest situation. There are given two dichotomous observables of any
origin: a = ay, o and b = By, B,. We set X, = {a1, o} and X, = {B, B}—"spectra of
observables”.

We assume that there is given the matrix of transition probabilities Pl = ( p?g), where
p?g = P(b = Bla = «) is the probability to obtain the result » = 8 under the condition
that the result @ = o has been obtained. There are also given probabilities p; = P(a =
a),a € X,, and pg = P(b = B), B € X,,. Probabilistic data C = {pj, pg} are related to
some experimental context (in the physics preparation procedure).
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IBP is to represent this data by a probability amplitude ¥ (in the simplest case it is
complex-valued) such that Born’s rule holds for both observables:

ph=1W eV ph=1(w. el (1

where {egla} gex, and {eg“‘}[,E x, are orthonormal bases for observables b and a, respectively
(so the observables are diagonal in the respective bases).

In [20-24] the solution of IBP is given in the form of an algorithm which constructs a
probability amplitude from the data. Formally, the output of this algorithm depends on the
order of conditioning. By starting with the matrix of transition probabilities P*”, instead
of P"14 we construct another probability amplitude ¥ (the amplitude in (1) should be
denoted by 1/*!%) and other bases, {eglb} pex, and {€%?},cx,. We shall see that under natural
assumptions these two representations are unitary equivalent.

3 QLRA
3.1 HP“_Conditioning

Suppose that the matrix of transition probabilities P?1 is given. In [20-24] the following
formula for the interference of probabilities (generalizing the classical formula of total prob-
ability) was derived: pg =>.,p pgf +2x54/11, P8 pg“f, where the “coefficient of inter-
ference” is given by

b a ,bla
P _Za Do DPpa
rp = P8~ LuPulra @

2T, P4Ph

We shall proceed under the conditions:

(1) P’ is doubly stochastic.
(2) Probabilistic data C = {pj, Pg} consist of strictly positive probabilities.
(3) The coefficients of interference Ag, B € X}, are bounded by one: [Ag| < 1.

Probabilistic data C such that (3) holds are called trigonometric, because in this case

we have the conventional formula of trigonometric interference:? pZ =3, pZ‘s +

2cos0g,/11, Pe pf,'f, where

By using the elementary formula: D = A + B + 2/ABcosf = |/A + ¢'?/B|?, for real
numbers A, B > 0,0 € [0, 2], we can represent the probability pz as the square of the

Ag =cos0Og. (&)

complex amplitude (Born’s rule): pg = |¢Z‘“ |>. Here
bla bla i a .bla
Vg =/ Pt P + €\ pt phe . BEXp. @)

2This formula can be easily derived in the conventional QM formalism; see, e.g., [25], by transition from
the basis of eigenvectors for the a-observable to the basis of eigenvectors for the b-observables. We recall
that in QM observables are given by self-adjoint operators. However, we proceed in the opposite direction.
‘We would like to produce a complex probability amplitude and operator representation of the observables by
using this formula.
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The formula (4) gives the quantum-like representation algorithm—QLRA. For any trigono-
metric probabilistic data C, QLRA produces the complex amplitude 1”1 (the normalized
vector in the two dimensional complex Hilbert space, say H”1%):

bla _ ,bla bla bla bla
Y =g e T Vg, €, s ®)

bla (1 bla _ (O
¢ =\o) ¢ =\1)-

To solve IBP completely, we would like to have Born’s rule not only for the b-variable, but
also for the a-variable: p? = (%1, 219)|2 o € X,,. Here the a-basis in the Hilbert space
H" is given, see [20—24] for details, by

| _bla bla
el — Ppiay ol — \Y Ppioy
“ ba |’ “ [ bla

pﬂZ“l pﬂ2a2

It is orthonormal, since P?!“ is assumed to be doubly stochastic. In this basis the amplitude

Yble is represented as
b [0 b 0, [a b
14 = pglea‘]a + e pgzealza' 6)

We recall that in QM a pure state W is defined as an equivalent class with respect to
multipliers of the form ¢ = e'”. We shall use a similar terminology. Each complex amplitude
Yb14 produced by QLRA determines a quantum-like state (representing given probabilistic
data)—the equivalence class W1 being determined by the representative °1.

where

3.2 H%’_Conditioning

Here

a alb 0y alb
wa\b = \/pglpa/lﬁ’l +e€ \/pgzpm"fz’ o€ X, M

For any trigonometric probabilistic data C, QLRA produces the complex amplitude y“!?
(the normalized vector in the two dimensional complex Hilbert space, say H/) :

b b b b b
Y =yalell +ygles), ®)

1 0
alb __ alb __
=) “=()

Here the b-basis in the Hilbert space H?” is given by

alb alb
ea‘b |V Doy e,,|b _ V Doy,
B alb ’ B — bla
V Py TV Parpy

In this basis the amplitude ¢/ is represented as

a alb 16y bla
v =P et e ©)

where
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As in the case of H%l%-representation, the quantum-like state (representing given proba-
bilistic data) is defined as the equivalence class W with the representative 1.

4 Unitary Equivalence of b|a- and a|b-Representations

Thus, as we have seen by selecting two types of conditioning, we represented the probabilis-
tic data C = {pg, pg} by two quantum-like states, ¥* and W, We are interested in the
consistency of these representations.

We remark that any linear operator W : H”'¢ — H<" induces the map of equivalence
classes of the unit spheres with respect to multipliers ¢ = ¢'” . We define the unitary operator
Usllf : Hb — Hb by U(ell?) = e4?, o € X,,. It induces the mentioned map of equivalent
classes.

Theorem The operator UZIZ’ maps W4 into W if and only if the following inter-relation
of symmetry takes place for the matrices of transition probabilities P** and P*":

Pos = Dag - (10)

for all o« and B from the spectra of observables a and b.

Proof Take the representative of W?“ given by (6). Then

(l\b bla a\b i6 alb
b\a pa] aq +eh paz a (11)

Our aim is to show that this vector is equivalent to the vector ¢/ given by (8). By using
H" analogs of (2) and (3) for the coefficients of interference and its cos-expression we
determine cos 6y, :

|b b |b b b
pgll = pﬁl leﬁl + pﬁzpzlﬁz +2C0$9‘)‘1 pﬁ] pg]ﬂ] pﬁnglﬁz

d

alb alb
pctl pﬁlpdlﬁl pﬂzpalﬂz

2 alb alb
V pﬁl Pay gy pﬂzpalﬁz

cosby, = (12)

‘We also calculate

a|b b \/a\b alb \/a\b alb
Vet = Poy Parpy Paopy, — Phy\ Pay Paniy

.. alb alb
— (coSOy, +i sm@al),/pﬂzpa‘zﬁzpﬁ] pa‘]ﬂu
. . alb a
+ (o8, —isinbu,)y/ ph Pary Ph Pas, - (13)

where Y2l = /pl pg'z’%l — el [ pt pg‘;}sz is given by (9). We use that |(1/f“"’)|2 =, &
“"’ | Py, (c0S Yo, +isinyy;) where y,, =argyyy , j € {1,2} and this gives that

Yryel = e pe (cos(ray — Vo) + i S0y = Va)- (14)

The real part of (13) and (14) gives
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\/ pg] PZZ COS(Vaz - J/al)

_ b alb alb _ b alb alb
= PpV ParprParpy ~ Py Parpy Pay

b alb _p alb b oalb b alb
— COSQ"‘I(\/pﬁzpzzﬁzpﬂl PZI[;] +\/pﬂ1 pzzﬂ] pﬁ2pzlﬂ2)‘ (15)

Moreover, since pgz =1- pgl and from the condition that P*” is double stochastic i.e.

alb alb alb alb .
Py = Panpy = | = Py, = | — Doy, » We TEWritE (15)

P P cos(Vay — Vo) = (2P — Dy Pl (1= piy )
+cos by, (1 —2pa"% )\ /(1= ph)ph . (16)

Then by (2) and (3) we obtain cos g, :

b a ,bla a . bla
P~ Poy Ppia; — Poy Ppioy

bla bla
2\/ pglpﬂla1p$2pﬂl("2

Multiply (17) with 2, /pg pg and use again that pgz =1- pzl and P*? is double stochastic
and

cosbg, = 17

a bla bla 4
pe =14 ph + pos —2pas DS
2,/ P4, P, cos O = = T (18)
a1 BBy

We will show that cos(yw, — ¥«,) = c0s0p, or equivalent, we show that

2./ P4 Pa, c08(Yay — Vo) =2,/ Py, D, COSGp, . 19)

Multiply /P& P2 cos(Ya, — ¥a,) by 2,/ pis (1 — pis ) on the left-hand side (16) such
that LHS = 2,/])2'}1}31(1—192‘11;1) /P& P coS(Va, — Vo) and replace cosf,, with

_ b alb b _alb
Py~ P, Paypy —(1—Pp )Py,

b alb p alb
2\/p51pa1ﬂ1pﬂ2pa152

on right-hand side

LHS =2Q2p}, — Dpary, (1 = P,
+ (Pl = Py Pary, — (= g1 = P N =2pgl)
=22ph = Dpd = pi%)
+ (Pl = L+ Pl o+ Py = 205 P ) (= 2005,
=2(2p}, — Dpays, (1= plty)

alb alb
+ Py, — L+ pfy + Plts, — 2P, Ply)

alb b alb b _alb b _alb
= 2P SV + P+ Paypy = 2P, Paypy) = 2P, Py
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=22p4 - Dpd A= pi%)

b b
+(ps =1+ ph +pal —2pal po)

alb b alb b _alb
_zpalﬂl (=1 +2pl31 + Payp, _2pﬁ1pa1ﬁ1)
a b b _a
=p£¥1_1+pgl+pillﬂ1_2pillﬂ1pa1' (20)

From (18) and (20) it will follow that

b bl bl b |b |b
Pgtl _1+pﬂ1 +p0l1a/51 _zpalaﬁ]pgl _ pgl _1+pﬁ1+p21/31 _nglﬁlpgl

bla bla alb alb
Doy gy Ppre a1 B Bray

=4
bla __ _alb
Poipy = Peypy- 2D

Therefore we will conclude that cos(Ya, — Ve, ) = cos8p, iff P?14 =P Let

bla bla
Ua‘b _ V Dgia v Pgiay
bla [ bla bla
Ppray TV Ppray

Then let us show that this vector is equivalent to the vector ¥%” given by (8)

alb s bla __ | alb i0 alb
Ub\aw - pgtleotl +eh pgzeaz

_ |b i (Vay —Vay) |b
= /P el 4 el reamr) [ plld. (23)

(22)

Then put y¢* = [p. ¢ j e (1,2} into (8)

1pa\b= /pglei(yal)eg\lb_i_ /pgzei(yuz)eglzb
:ei(Val)UZ‘Z’I//Ha. (24)

The complex amplitudes ¥*” and U lefljfb la_differ only by the multiplicative factor e/,
Hence, they belong to the same equivalent class of vectors on the unit sphere. Thus they are

two representatives of the same quantum state Wl O

Appendix: The Inter-Relation of Symmetry for Matrices of Transition Probabilities
in the Case of Observables with Nondegenerate Spectra

We start with the general case of observables, which can have degenerate spectra. Let Qg
and P, be two orthogonal projection operators, then by the projection postulate of QM (or
simply by definition of quantum conditional probability):

alp _ (U1 QpPuQplV)

= 25
Peb = 0010519 2
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and
o _ 1P: 0y Paly)
(W1 Polr)
hence, generally in the case of degenerate spectra, pgl‘sb #* p/’;'[f It contradicts (10).

Now let us consider the case of nondegenerate spectra. In this case we can write two
orthogonal projection operators as P, = |e,)(eq| and Qg = |eg){eg|. Hence,

it _ (V10 P Q1)
o (W10s1¥)

(Vlep)(eplea)(ealep) (epl )
(Y1Qpl¥)

(Vlep)(esl V) (eales)
(U1QplY)

= I{ealep)? €2))

(26)

and
b _ (V| Py Qp Pul¥))
pe (Y|P, ¥)
_ (Wlea)(ealep) (eplea) (o)
(Y| P.|)
_ (Wlep)(eplv)(eplea)
(Y| P.l)
l(eglea)|” (28)

where |{eq|eg) > = [{egleq) 2. Finally, we obtain pgll_(,b = pg‘o‘j in this case.

We remark that this inter-relation of symmetry implies that both matrices of transition
probabilities are doubly stochastic.
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